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SUMMARY

A development of the motion of a close earth satellite in the
vicinity of critical inclination is given to order k,. The method
followed is that of expanding the potential in powers of G in the
neighborhood of G,. The odd harmonic of the potential function is
included in this expansion. The equations of motion are then
given in the form suitable for numerical computation by elec-
tronic computers. It is shown that this approximation is analo-

gous to the motion of a pendulum.
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SATELLITE MOTION IN THE VICINITY
OF CRITICAL INCLINATION

by
David Fisher
Goddavd Space Flight Centev

INTRODUCTION

Since the quantity 5cos?I -1, where I is the inclination of the orbit plane, appears as
a divisor in the solutions of the equations governing the motion of close earth satellites,
the motion of a satellite in the vicinity of cos?I = 1/5 is a subject of much interest (Ref-
erences 1-4). Analytic studies of the motion of a close earth satellite to the order {k'2 in
the vicinity of cos? I = 1/s (called the critical inclination) have shown that this satellite
motion is exactly analogous to the motion of a pendulum free to oscillate about a horizon-
tal axis. The motion of this type of pendulum has been studied extensively (References 5
and 6); and consequently the motion of a close earth satellite in the vicinity of critical in-
clination is now well understood.

For the prediction of the motion of close earth satellites, however, it is readily possi-
ble to increase the accuracy of the solutions by numerical methods with the use of modern
electronic computers, as suggested by Bailie, and by Hori (Reference 3). Accordingly, a
numerical approach suggested by the works of Hagihara (Reference 1) and of Garfinkel
(Reference 4) has been adopted in the development discussed herein.

EXPANSION OF THE HAMILTONIAN

The Delaunay variables are defined by the following expressions:

1/2
/)

=
it

(ua)

G = L(1-e2)?,
H=GcosI,

! = mean anomaly,
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g = argument of perigee,
h = argument of the ascending node.

It is assumed thatL and H are known constants. G is always taken as positive; consequently
when cos I is negative, H is also negative.

Brouwer's Hamiltonian (Reference 7) to order k,? is given by

F = F, +F, +F,, + Q, cos 2g *tQ,sing . (1)

By converting Equation 1 to Vanguard units (i.e., k4/k22 =11/5, A, = -2k, and u = 1),

we have
_ 1
fo = G120
L WA
Fl 2L3G3 1 3G2 ’
k.2 2 4
2 H H
Foe 7 [ Tiisns | C123 + 1710 — - -
2s 150L505': 3 7 G2 2235 G*
ooy - g B, gHY, L2/ H o HY
600G\l =6zt 9gh) 5|5l 6305 875 4
2
B T O AV TR N )
Q2 - LSGS 1 GZ 16 8G2 + 16G4
3k 2
H
Q_., = - 4L33sesinl<l"5’—2>:
where



In order to study the motion in the vicinity of critical inclination, it is convenient to
expand the Hamiltonian, as was done by Garfinkel (Reference 4) in powers of & = G -G,
where G, is the value of G at the epoch. Then

F = Fg ¢ (FI)D + (F2=)0 + (02)0 cos 2g + (Q3)o sing

oF, oF,, aQ, 3Q,
+ {55 + {522 + 55 cos 2¢ + |55 singls
aG /o G Jo aG Jo aG /o
' lKBZFI) * <62F23> ' <82Q2> 2 ' <62Q3> . o
CcOoSs - . sin
2\ 462 /o 3G? Jo G2 Jo & T\ ag2 o S1NE

3%F F
+L(_!\ 53 L(L) s (2)
6 \ag3/o 24\ 3G* Jo

The values of the coefficients of § are:

(), - srer i-sces

3G Jo = 2L3G0‘ -5 cos Io) s

(a;;;)o ) 33;’.,5 (215 cos™ls) (32)
<aa3cF;)o ) Llss:} (2721 cos?1,) - (3b)
(::‘1)0 i 206:72 (-1 4140057 1,) (3¢)
(o), - [, B, - (e, o)

2 2 96
o <_3_51_ 835 1y, + 2625 cos*roﬂ (3d)



L 1485
= ; i * Tcos’lo -~ 16 cos‘Io +To. <T- 162 cos? I, + —g—cos* ID>

2 2
(" Fz.> _ kT 369 1197 20115 63
aG? Jo L3 GJ

L? {357 14175 28875
+—‘—<T— g cos?l, +—¢ cos“Io)jl, (3e)

9%\ _ K 95 . 981
3G Jo ~ Lsgs T 16 * S6cos® I, —- g costI,
0
L? [133 1199
+G—02 <1—6-_ 72005210 + 16 cos? Io>:| , (3f)
32Q k.2
28 4905
<3G:>o = 'LT2G'7 —85‘-448005210 + 8 cos‘Io
[
L? (133 3597
Tz (2—- 720 cos? I + 54 cos* Io>j\ . (3e)
0
aQ, 3k3 sin I, e,
( 3G )o = 4L3Go° Se, sin Io(l -7 coszIo) + (1 -5 cos? Io) e, sin T, (3h)
32Q3 3k, sin I, e,
— - H - 2 - T
( 6(]2 >0 - N 4L3 Go7 (30 280 005210) eD sin IO + (11 75 cos IO) eo SlnIo

sin I, €, 2 Go2
+ (5 cos? 1, ‘1) e, t Sin I, cot? I, *+ L2 eo2 ©(3i)

An integral of the motion is given by the equation
F=C. (4)
To evaluate C we set G=G,, or § =0, and g =g, to obtain

C = F, ¢ (F1)o * (F23)0 + (Qz)o cos 2g, * (Qa)osmgo ’ (5)



so that Equation 4 yields the following relation between 3 and g:

(02)0 [cos 2¢ — cos 2go] + (03)0 \:sin g - sin gO]
oF, oF 5 a9, 90y ]

lga)e < g6 ) + (56 Jo cos2e +{7aG o sine 0
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3 4
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THE MEAN MOTION OF THE ANGULAR VARIABLES

The equations of motion are given by

L 4l _9F
a - 0. dt ~ QL
a6 dF dg _ _9F
dt 7 dg dt T oG ¢
- dh __OF
a - % dt T TooH

In order to find the mean motion of the angular variables, we set the Hamiltonian

F = F* + 2(02)0 cos?g - (03)0 sin? %

»

where

F* = F0+F1+F2s—Q2+Q3'



The Mean Motion of !

The mean motion of ! is given by

di' gF+
dt = T 4L
1 3k,
T —— = - 2
LJ 2L4G03 (1 3 cos IO)
k 2

2

_ - 2 -
+ T60Ls Gy [5( 123 +1710 cos? I, - 2235 cos* I,

L
+ 2405 (1 -6 cos21 + 9cos1,)
0

L2
¥ 150—02— (51 -630 cos?1, + 875 cos* Io)]

k,2? 2
2 L 19 109
- 2= )22 = 4
Lo Gos <S 3 Goz)(lﬁ 8cos? I, + g cos Io)

3k, 7, G2

-3 ({10 _ . _ 2

+4L‘G5(eo L2 3eo> sinl, (1 S cos Io) . (10)
0

The Mean Motion of h

The mean motion of h is given by

dn’ ) 3k,cos I kzzcos I,

dt LGS  160LSGS

li3420 ~ 8940 cos? I,

L L?
+ 607G (F12+36 cos21y) + 5 o7 (- 1260 +3500 cos? IO)]
0

k'z2 L2 109
-2 A B 2
s G06 cos I, (l G02> ( 16 + —3— cos Io)

3k, (1-5cos?1
T aLigs S0 Slo | T sing,  f10sinIy| - (11)
0




The Mean Motion of g

In close proximity to the critical inclination, (i.e., when |1 -5cos2I| =AYk, where
A <1,) the mean motion of g may be zero. This is the case of libration and will be discussed
later. When the mean motion of g is not zero, it is given by

dg’ 3k,
at - (I_SCOSZIO)
213G}
k22
|- 27 -
+ 2L5GS { 313 +4186 cos? I, ~5985 cos* I

L L?
' G (72 -576 cos? T, +1080 cos* 1) + 7 (623 ~7974 cos* I, *+ 12023 cos* Io)}
o

3k3 sin I, €4
——___4L3G05 Se,sinly (1-7coszlo) + (l-Scos2 IO) ~,  ~sini, . (12)

THE SOLUTION INCLUDING THE LONG PERIOD TERMS

The motions of I, g, and h are given by the canonical equations:

_9F
aL '

. oF
T (13)

- _OF
h = ~%H "

The Motion of ¢

Since

g€ = “3G - T35 (14)



8

and from Equation 2 we arrive at

. aFl 6F2s aQ2 6Q3 .
‘8 7 8Go+<6G o *173G Jo cos2e * \75G ), Sing

33F d4F

1 1 1 1
+ Al 32 + = 33 . 15
2 <aG3 )o 6 <aG‘>o (15)

Thus g is a function of g, and consequently ¢ may be found for any given time t by
integration;

glt) - g(t,) - J:' Zdt. (16)

0

Now if values of g and ? exist such that g = 0, the motion of g will be a pure libration. If

we designate by g, the value of g satisfying the equation g = ¢, the period of libration is
given by

(17)

1 (9 ’ 2 4 42) >
[‘ 'ﬂ?ﬂ " (errs) >0 (18)

where




An estimate of the value of g satisfying the equation g = 0 is given by

@_ (8_;)0}2 (a2 o) (19)

sin

FN ™

N
N[O
f
m|»-
—
|
PN
TN
o‘ )
[ 8] w
cx/
L}
I
l\)]v—

since

T %dg
-5 = - 20
L [F -

The Motions of | and h

The motions of ! and h are given by the equations

1

to. N
Lty - L{t,) j ldt,
t

4

L (21)

t .
h(t)—h(to) = J h dt
t

0 S/
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respectively, where ! and h are given by Equation 13; and gft) is given in the previous
section. The following expressions are provided in order to form ! and h from Equation 2:

(?FO 1
L T ER (22)
a(Fl)o 3k2 ( )
= 1 -3cos?] ;
JL 3 e/
2L*G,

H(FZS)O = K - ¥ 2 4 L (1 ~6cos?l_ +9cos?I )

JL - 32 LﬁGDS 123 1710 cos IO - 2235 cos IO + 48 Go 0 0

e (51 -630 cos21_ +87 ‘1)
G2 cos” 1y Scos*I,)l;

J ) 2
< (Qz,lo ~ kZ <1_9 8 2 [+ 109 ‘I s-3 L2

aL -7 s \16 ~©€9s” 1,7 1 cos™ 1, - 2 ;

L8 G G,

6(03)0 B 3k,sin Io(l -5 coszlo) (4(‘02‘ 1)

JL N i

4eoL‘ GOs

9 (RN 3 (9,
LA " "L\, )
i<‘92F1> B N P
IL \ aG2 o Lo \og2fo
i<83F1> .3 (‘93F1> .
9L\ 5G3 s Lo \ oG3)s

4
9 ‘94F1> .3 <a F1> :
IL \ 364 /o Ly \ gt o °
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4 0FZ _ k2 615 5985 20115 M
aL< aG’>O T T s [32 =16 cos’l, * T3y cos'I
L L2 {1071 8505 28875
"G, (9 -72 cos?I, +135 cos* Io) - G—o; (—37— - 716 cos2I,+ 35 cos* Io>} ;
2 2
8 [97Fa\ k' l1845 5985 100575
L {262 Jo LsGy | 16 7 costIgt —1g cos' I,
L? (1071 42525 86625
_% (63—648cos210+1485cos4lo) _6—2—< 4~ 8§ +—g cos* I, H
)
2
9 99\ _ ki |a75 _ . 495
AL\ 3G = Legs| 16 ~280cos®I, * 7y cost I,
0
L? /399 3597
Yy <—1'6— - 216 cos2I, + —1g cos* Io)] ;
)
32Q -k .2
ENLAA T 2 | 1425 24525
L < 362 )o = Lo o7 [_—8 -2240cos? I,+ g cos* I
L? (399 10791
- —002 <_2 - 2160 cos? I,* 7 cos* Io>i| ;
aQ k
9 (=28 = 3 15 ; 2
6L<6G>o = L 2Lt gh 4eosxnIo (1-7005210) (1 —4e0)
0 )

3 sinI, €o 2
+T(5°°SZIO-1) €, (1+2e02) JrsinI0 (1_490) i



3k, f[10sinI,

= - <, (3-28cos?1,) (1 -4e2)

4t Gl

(11275 cos? 1) [sin 1,

2 Le
eo 0

e

(1 +2e02) + *—sinolo (1 -’4e02):l

in I 1-e2)(2+3e2)]
+ (Scoszlo -1) (sm i +_BL> !:"3cot210 _( eo)( eo)J

e sin Io

4
€o

(1 "602) <sin I,

€

4L3 G

0

-a?
€4 > 21 +1 €,

=~ Si co
sxnI0 0 902

L2
-5 G2 (53 cos I, ~175 cos3 1

. _ .
on - 0
a(Fl)o 3k2 cos Io
JH - L3 G(; ;
a(FZS) k22 L
IH = 8L5606 171 cos I, - 447(70531o - 36q(cos I,- 3cos? Io)
a(Q -Kk2
( 2>° = 2 _L—2 (6460510-109cos310) ;
oH 4L5 G S G2
9(%), 3k, ejcot? 1, (11 -15cos?1,)
JH - ;

)|
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o (Fr) 15k, c0s Ty
dH \ dG fo ~ - L3 Gos V
9H \ 5G2 /o L3 Gf
oH \ 5G3 /o L3 G] '
3 (a‘Fl 5040 k, cos I,
IH \ 564 Jo L3 G# ’
2
4 [9F\ | Tka 1197 4023 L ,
JH < anO - L5 G7 g cos IO_ 8 cos?3 IO_—GO_ (36 cos IO -135 cos IO)
0
L% (2835 9625 ,
—_02 —g  cos Io g cos Io H
0
o (2% k,? 20115 L
SH\ 9G? o L5 g8 1197 cos I, - 73 cos? IO‘—G; (324cosIO-1485 cos? Io)
0

__L? (14175 28875 _
Gog 2 cos I 5 cos> I jis

(%) L K SN £} e, )|
JH\ oG Jo Lng 112 cos 1, 4 cos I, G? -144 cos I, + 73 cos I, H

2 k2
o (%) | Tk 4905 L2 .
JH <6G2 o - LSGoa 896 cos I, - 7 cos?3 I, - Go2 (1440 cos I0 - 3597 cos Io) ;



KR d9Q, _ 3k, cos I, Se, 2
dH\dG), T aL3gr sin T, (15 -21 cos 10)
0

1 e, sin I0 e,
- 2 -2 L
+ (1 5 cos Io) ey sinIo + sin? 1, + 10 e, sin I,/(’

320 3k e /sin I .
i 3 - *3 ) _ 2 0 o
JH <602> = Y cos I, <10 s 1, (59 ~ 84 cos I,) + 150 >
Y 0

\ N sin Io

2 1 b0
+ (11-75 cos?1,) (- SinTy “ i

sin I, €q , . 1-ef
- 10 e, * Sin I, cot® I, e

[4

1 €0 1-e/?
- - 2
+ (5 cos? I, 1) (eo SinT, " s Io> cot? I + N

]

-2 1 y —0 (cot? 1+ 1)
e, sinl, * (.3 I, 0

The Delaunay Variable G

Hagihara (Reference 1) has shown that the Delaunay variable G is bounded. From the
canonical equations,

dg * (23)

consequently

9Q, 1 ‘9202
*cos g [(Qs)o *(‘E)O Y <an e (24)

since $ is given as a function of g by Equations 2 and 3, and g is given as a function of t
as discussed above, G can be evaluated for any time t.
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Procedure for Computations

The computation proceeds along the following lines:

The mean motion of the variables !, g, and h are found;

The periods of libration or oscillation are computed;

The angular variable g is found as a function of time from Equations 14-20; and
The variable G as well as the motions of the remaining variables are then found.

W N e

REDUCTION TO THE EXTENDED PENDULUM PROBLEM

It is interesting to show how the aforementioned may be approximated by an extended
pendulum problem, and consequently, how the estimates for libration were derived. An
approximation to Equation 6 is given by

' . 9F)\  1[0%F,
(Qz)o [COS 2g - cos 2go] * (Qs)o [S‘“ g ~ sin go] * <W>o b+ 7<302 o 32 = 0. (25)

Then by setting

& = g~
and
_ m
€0 = 8 "7
we can put Equation 25 into the form
9F) (‘“Fl
3G jo aG? jo Q, , &
LA 52 s 2 - — : = = 32
-2‘(62)0 o 4(Qz)o °F *sinte Qz>o st T A (26)

where

: - i <91> ]
B* = sin?{, A sin? 75 -
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Following Garfinkel (Reference 4), we set

where

()
o (5) ]

Now Equation 26 takes the form

2 o2 & . . &
7?2 + sin? £ - Q, 051n2? = a? + 52, (27)
With
5 = 9F _ 9F
T odg T e¢’
we find that
5 = 2(Q,), sin2 - (Q,), siné . (28)

(29)

2IQ2

<62F1 1/2
8G2>o (03)0
sin 26 - ) sin &
0
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Also, by differentiating Equation 27, and using Equation 29 we find that
i £
nos T ) (30)

(2]

By substituting Equation 30 into Equation 27, an extended form of the pendulum prob-
lem is

&2
62F1
4(02)0 6G2 >0

To find the conditions for libration we set y = sin £/2 in the right side of Equation 31 to
obtain

. o ,£
af ¥ A1 - sin? &t T sintg (31)

éz

o

Q
1
0

Q2

The libration condition é = 0 is then expressed by the condition that

4

y‘—yz[‘L(&l} +!a2+52! -

Hence, for a solution to exist (i.e., for libration to occur), we must have

(Qs)o (Q3)0 ’
wiahag] aylasE] e @

which means that

() |*
[1'% Q)} Sl (33)
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Equation 32 also yields the following estimate for the libration angle

' (34)

where, of course,

a? + 82 <1,

1
'z Qz) << 1.
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